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SUMMARY 
Let K be a complete non-Archimedean valued field, S a commutative topological semigroup 
(not necessarily locally compact). We study the convolution Banach algebra M(S) of all tight 
K-valued measures on S and its ideal M,(S) consisting of all elements p of M(S) for which the shift 
map xcX*fl is continuous (the analogue of the group algebra). In particular, we show that under 
reasonable conditions the Fourier-Stieltjes transform is isometric. Furthermore, we describe the 
images of M(S) and M,(S) under the Fourier-Stieltjes transform. The results obtained are known 
for groups but new for topological (semi) lattices. 
INTRODUCTION 
Let K be a field, endowed with a non-Archimedean valuation. We assume 
that K is complete relative to the metric induced by the valuation. 
A considerable amount of research has been done on the subject of functions 
and measures on topological groups with values in K; see [2] for references. In 
the present paper we try to extend some of the results to topological semi- 
groups. 
Generally speaking, our semigroups will be unions of compact groups. 
Accordingly, we start with a brief recapitulation of the basic ideas of non- 
Archimedean harmonic analysis on compact groups. See [l], [2], 131 for proofs 
and further information. 
* Most of the work on this paper was done during a visit of the second author at the University 
of Zimbabwe. 
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Let p be the characteristic of the residue class field of K. By TK we denote 
the group of ah roots of unity of K whose orders are not divisible by p. The 
elements of TX are at distance 1 from each other, so that the natural topology 
on T, is discrete. 
Let G be a commutative compact group. Define a K-valued character of G 
as a continuous homomorphism of G into TK. 
In the following discussion we assume that G is zerodimensional (i.e., the 
closed open sets form a base for the topology) and Hausdorff; these conditions 
are necessary for the K-valued characters to separate the points of G. 
By o(G) we denote the set of all positive integers n for which G has an open 
subgroup H such that G/H contains an element of order n. We say that G is 
p-free if p $ o(G). We say that G is compatible with K if for every n E o(G), TK 
contains n eIements of order n. (If G is compatible with K, then G is p-free,) 
One of the basic theorems of non-Archimedean harmonic analysis says that the 
K-valued characters of G separate the points of G if and only if G is compatible 
with K. 
Now suppose that this condition is satisfied. Then the K-valued characters of 
G form an orthonormal base in the Banach space C(G) of all continuous 
functions G-K. Denote by G the group of all K-valued characters of G. If 
M(G) is the Banach algebra of all K-valued measures on G, then the Fourier- 
Stieltjes transform is a Banach algebra isomorphism of M(G) onto P(G). For 
p EM(G) and XE G, let ,uX be the measure UH,U(X-~U); and put 
M,(G): = {p EM(G): the map x-,uX of G into M(G) is continuous). Then 
M,(G) is an ideal in M(G). The Fourier-Stieltjes transform maps M,(G) onto 
co(e). The p-freeness of G guarantees the existence of a normalized Haar 
measure on G. The Haar measure provides an isometric isomorphism between 
C(G) and M,(G). 
Now we are ready to begin our investigation of topological semigroups. 
Throughout Sections l-3 of this paper, S wilZ be a commutative topological 
semigroup with an identity element, I. We want the continuous functions S+ K 
to separate the points of S. Therefore, we assume the topoZogy of S to be 
Hausdorff and zerodimensional. 
1. SEMICHARACTERS 
We call S torsional if every compact subset of S is contained in a compact 
semigroup that is a union of groups. (If S happens to be a topological group, 
then every compact subsemigroup of S is known to be a compact group. 
Consequently, there is no conflict between our definition and the one of 
torsional groups given in [2].) 
If Se is a compact subsemigroup of S and if G is a subgroup of SO, then the 
closure of G is again a group. Therefore, a compact subsemigroup of S that is 
a union of groups is also a union of compact groups. In particular, if S is 
torsional, then S itself is a union of compact groups. 
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If S is torsional, then so is every closed subsemigroup 2’ of S. (If GC S is a 
compact group, then so is Gf7 T.) 
If S is torsional, we say that S is p-free (p being the characteristic of the 
residue class field of K) if every compact subgroup of S is p-free. Further, S 
is said to be compatible with K if all compact subgroups of S are compatible 
with K. 
A semicharacter of S is a nonzero continuous homomorphism of S into the 
(discrete) semigroup TKIJ {O). Under pointwise multiplication, the semi- 
characters of S form a semigroup s^. This s^ is a zerodimensional topological 
semigroup under the topology of uniform convergence on compact sets. 
Our main problem in this section is to determine for what compact semi- 
groups S there are enough semicharacters to separate the points of S. First we 
make some observations about semigroups that are finite. 
1.1. Let S be a finite commutative semigroup that is a union of groups. Let 
E be the set of all idempotents of S. E is a subsemigroup of S. 
For every XE S, the set (x,x2,x3, . . . } is a subsemigroup of a finite group, 
hence is a group. Therefore, {x,x2,x3, . . . ) contains a unique idempotent, 
which we call e,. 
If x,y~ S, then eXev is an idempotent; choosing positive integers IZ and m 
such that eX=xn, e,=y”, we have exe,,= (xy)““. Hence, eXe,,=eXY. 
Further, we note that the formula 
ere’ if ee’=e 
defines a partial ordering 5 on E. 
1.2. THEOREM. If S is compact, the following are equivalent. 
(1) s^ separates the points of S. 
(2) S is a union of compact groups that are compatible with K(in other 
words: S is torsional and compatible with K). 
PROOF. (1) * (2). (1) implies the existence of a natural multiplicative and 
homeomorphic embedding of S into (TKU {O})‘. Thus, we may assume that S 
actually is a compact subsemigroup of (T'U {O})A for some set A. As T’U (0) 
is a union of finite groups, all of them compatible with K, (T’U(O}jA is a 
union of compact groups that are also compatible with K, say (T’U {O})A = 
= UiEl Si. If i EI and if SnS, is not empty, then SnSi is a compact sub- 
semigroup of the group Sj, hence is itself a compact group, compatible with K. 
NOW S= IJiEI SITSi. 
(2)* (1). Let a, b ES, a # b. By Theorem 8.20 of [2], there exist a finite 
discrete semigroup S1 and a continuous homomorphism 71 of S onto S1 such 
that &z) #z(b). S1 is a union of groups that are compatible with K and we are 
done if we can find a semicharacter y of S1 that separates ~(a> and n(b). Thus, 
we may assume that S is finite (and discrete). This assumption allows us to use 
the notations of 1.1. 
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We distinguish two cases. 
Case 1: e, = eb. Put e: = eU, G: = {x E S: e, = e}. From the formula eXev = eXv 
(x,y ES) it follows easily that G is a group and is compatible with K. We have 
a, b E G and a # b, so there exists a K-valued character p of G with j?(a) #P(b). 
Define y : S+ TKU (0) by 
1 p(ex) if es e, y(x): = 0 if efe, 
(Note that, if es e,, then e,, = e,e, = ee, = e, so Ed E G.) Then r(a) = /3(ea) = 
= p(a) #P(b) =fl(eb) = y(b). Furthermore, if x,y ES and es eXY, then es eXeY, 
so es e, and e_ce,; it follows that y is a semicharacter of S. 
Case 1L e, #eb. Without restriction, assume e,seb. Define y : S-(0, 1) C 
cTKU{O) by 
1 1 if eOaleX y(x): = 0 if e,$e, 
Then YES, y(a) = 1, y(b) =O. 
For a finite set X we denote by #X the cardinality of X. 
1.3. LEMMA. Let S be finite, a union of groups and compatible with K, 
Then # s^= #S and s^ is a linearly independent system in KS. 
PROOF. By Theorem 1.2, s^ separates the points of S. It follows from 
Kaplansky’s non-Archimedean version of the Stone-Weierstrass Theorem 
(Theorem 6.15 in [2]) that the linear hull of S is KS. As dim KS = # S, we are 
done if we can prove that #s^l #S. 
Again, we use the notations of 1.1. 
For eEE, define 
G,:={xES: ex=e} 
N,: = {y E S: e is the smallest idempotent in y -l((l))}. 
(Observe that for all y, y-‘(jl)) is a subsemigroup of S, hence contains a 
smallest idempotent.) 
(Ge)e~E is a partition of S into groups, and UeEE &=$, so #S= 
c eEE # G, and #Sl zeEE #W,. For each e, #G, = #Ge (see, for instance, 
Theorem 9.16 in [2]). Hence, it is enough to show that #N,< #Ge (GEE). 
This we do by proving that for all e EE the map ye y / G, of H, into Ge is 
injective. 
Let e& P,B,Y ~4, PIG, = y 1 G, and XE S. We wish to show that p(x) = y(x). 
Case I. If ece,, then e,, = e,e,= ee,= e, so eXE G,. Then P(X) =p(e)&) = 
= P(ex) = yW = y(e)&) = y(x). 
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CaseII. If ese,, then e,$p-‘({l}), p(e,)#l, and therefore B(e,)=O. But 
then P(X) = 0, since e, is a power of X. In the same way one obtains y(x) = 0, so 
that P(X) = y(x), 
The following is a Peter-Weyl-type theorem. 
1.4. THEOREM. Let S be compact, a union of groups and compatible with 
K. Then s^ is an orthonormal base in C(S). 
PROOF. By Theorem 1.2, s^ separates the points of S. Hence, by the 
Kaplansky theorem ([2], Th. 6.15) the linear span of s^ is dense in C(S). The 
theorem follows if we can prove the orthonormality. 
Let yl, . . . . yn E s^ be distinct; let rl l,...,&EK be such that maxi I&l =I. We 
wish to show that there exists an XE S for which / I:=, lziyi(x) 1 = I+ 
Define n : S-+(T,U (0))” by 
Then Z(S) is a finite semigroup. 
Let k be the residue class field of K. For I E K, /A 1 5 1, let 1 denote the 
element of k that corresponds to ;Z . For each i E { 1, . . . , n} we can define a map 
pi : n(S)--+k by 
pi : n(x)++yi(x> (XES). 
Each pi is a k-valued semicharacter of Z(S), and we have p,#fij as soon as i#j. 
As at least one & is nonzero, it follows from Lemma 1.3, applied to x(S) and k 
instead of S and K, that Cy=, zj?i#ii. Then there exists an XE S with 
o+ i &Pi(@) = i: AiYj(X> = iil AiYi(X), i.e., I j, AjYj(X) / = 1. 
i=l i=l 
2.THE FOURIER-STIELTJES TRANSFORM 
For p EM(S), we define ,!i E I”(S) by 
PW: = S v+ (Y E 3). 
The map p-+8 is called the Fourier-Stieltjes transform of S, For ,IX, vEM(S) we 
have (p*v)* =@, * denoting convolution. 
2.1. THEOREM. If S is compact, a union of groups and compatible with K, 
then the Fourier-Stieltjes transform of S is a Banach algebra isomorphism of 
M(S) onto P”(!?). 
PROOF. s^ is an orthonormal base of C(S), so we have a linear isometry A of 
q,(g) onto C(S) defined by 
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If we identify M(S) and P”(S) with the conjugate Banach spaces of C(S) and 
c&), respectively, then the Fourier-Stieltjes transform becomes the adjoint of 
A. In fact, for p E M(S) and f~ co(S) we have 
The theorem follows. 
2.2. THEOREM. Let S be torsional’andp-free. Then M(S) has power multi- 
plicative norm. 
PROOF. Take p EM(S). It is enough to show that IIfl*pII = 11~1~2 ([ ], page 
223). We may assume that ,u has compact support ([2], Th. 7.22). By torsio- 
nality, the support of p is contained in a compact subsemigroup of S. Thus, we 
may assume that S itself is compact. 
Furthermore, as we can embed K into a complete algebraically closed field, 
we may assume that S is compatible with K. But then the Fourier-Stieltjes 
transform is isometric, so IIp*pI( = llfi211 = IIfil12= IIp112. 
Next, we try to determine the range of the Fourier-Stieltjes transform. If S 
is a torsional group that is compatible with K, then this range turns out to be 
the space of al1 bounded uniformly continuous functions on s^ ([2], Th. 9.20). 
Theorem 2.3 yields a similar result for semigroups. First, however, we have to 
introduce a suitable uniformity on s”. (For the definition of a non-Archimedean 
uniformity we refer to page 34 of [2].) 
Every compact subset T of S determines a clopen partition %r of S by 
if p, y E S, then p and y lie in the same element of @r if and only if 
fl= y on T (which is the case if and only if 11 (p - y) 1 r/I < 1). 
These partitions %r generate a non-Archimedean uniformity on S. By UC@) 
we denote the Banach algebra of all bounded functions S-+K that are uniformly 
continuous relative to this uniformity. Note that all elements of UC(S) are 
actually continuous! 
The following two observations are in order. 
(1) If S is torsional (and that is the most interesting case), then for every 
clopen partition % that is uniform in the above sense there exists a compact 
subsemigroup T of S such that the partition @r refines %. 
(2) Our notation suggests that the uniformity is determined by the structure 
of S. This is, however, not the case; see 4.4. 
2.3. THEOREM. Let S be torsional; let s^ separate the points of S. Then the 
Fourier-Stieltjes transform is a Banach algebra isomorphism of M(S) onto 
UC($). 
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PROOF. (A) First, let 1’be any compact subsemigroup of S that contains 1. 
Denote by qr the restriction map S -+ F. As F separates the points of T, T is 
compatible with K (Theorem 1.2), so Fis an orthonormal set in C(T) (Theorem 
1.4), containing qT($). Hence, if p is any element of p, then either BE q&j 
or /?l span q&). However, q&) separates the points of T, so that 
span qr(s) = C(T) by Kaplan&y’s theorem ([2], Th. 6.15). It follows that 
fC qT($. In other words, every semicharacter of T extends to a semicharacter 
of s. 
(3) Let p EM(S) have compact support. There exists a compact subsemi- 
group 7’ of S that contains the support of p and with 1 E T. By (A), 7’ is 
compatible with K; by Theorem 2.1, 
by the last part of (A), 
=syw = IPII. 
Furthermore, we see that fi is constant on the elements of the partition @r- 
Hence, fi f UC(S). 
(C) From the fact that the measures with compact supports form a dense 
subset of M(S) (121, Th. 7.22) we infer that the Fourier-Stieltjes transform maps 
M(S) isometrically into UC@). 
(D) Again, let T be a compact subsemigroup of S, 1 E T. Let f~ P(S) be 
constant on each element of 4$-, By the definition of %T and the result of (A) 
we can define g E t?“(F) by 
From Theorem 2.1 we obtain an element v of M(T) such that g(p) = IT bdv for 
all /3 E F. Defining ,u E M(S) by ,u( U): = v( Un T) (UC S clopen) we have for all 
y& 
f(Y)=g(YI T)=i (Yi TM=S YdP 
Thus, f=,% 
(E) By (C), we are done if {f~ UC(S) : f =,i for some ,U EM(S)} is dense in 
UC(l!?). 
Take g E UC(S) and E > 0. There exists a compact subsemigroup 7: of S, con- 
taining 1 and such that 
iffi,rESandfiI T=YIT, then IgW-gWI 5~. 
It is not difficult to obtain a functionf : S-K that is constant on each element 
of @r and has the property that for all y E 9, I g(y) --f(r) I 5~. By (D), there is 
a REM withf=@. 
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3.THEBANACHALGEBRAM,(S) 
For XES we define xEM(S) by setting X(U)= 1 if XE U, x(U)=O if x$ U. 
Let M,(S) be the set of all elements ,u of M(S) for which the map XHR*,U of 
S into M(S) is norm continuous. 
3.1. THEOREM. M,(S) is a closed algebra ideal in M(S). The proof of this 
statement is essentially trivial. (Less trivial is the noncommutative case; see 4.1.) 
Schikhof has proved ([2], Th. 8.9): if S is a topological group and 
M,(S) # (0)) then S is locally compact and carries a K-valued Haar measure, 
and M,(S)=L(G). Theorem 3.2 may be regarded as an extension of such 
studies. There, $: = {y E S: p(y) # 0 for some ,u E M,(S)), and Sp M,(S) is the 
set of all non-zero multiplicative linear functionals on M,(S). 
3.2. THEOREM. SO with the compact-open topology is homeomorphic to Sp 
M,(S) with the Gel’fand topology. 
PROOF. For a given h E Sp M,(S) choose p E M,(S) such that h(p) #O. Define 
yh : S+K by 
h@*M yh(X): = - 
ht(/d ’ 
Then, as in the Archimedean case, one can easily show that yh E SQ and that 
each y E So arises from a unique h E Sp M,(S) with yh = y. Thus the map h w Y,+ 
of Sp M,(S) into Sa is both one-to-one and onto. 
To prove the continuity of the map Sp M,(S)+&, let h,+h in Sp M,(S) 
and let TcS be compact. We wish to show that yh,+yh uniformly on T. Take 
p EM,(S) with h(p) = 1. We may assume that for all a we have 1 h,(p) - 
-h(p) 1 c 1; then surely 1 h,(p)] = 1, Now the elements ha(p)-‘h, of M,(S)* 
form a norm bounded net that converges in the w*-sense; then it converges 
uniformly on the compact subsets of M,(S). As {X*P : XE T} is such a 
compact subset, we can infer that 
h,(~)-‘h,(~~~)~hO*)-‘h~~~~) uniformly for XE T 
i.e., oh, + yh uniformly on T. 
Conversely, assume that ya +y in $. For each VEM,(S) and E>O we can 
choose a ,Q E M(S), having a compact support T and such that 11 v -Q 11 I E. If a 
is Iarge enough, then ya = y on T, so j yade = j yde and 
ITh,)-WI = IS ha-YWvI = IS h-yMv-e)/ 5~. 
(Here ya = yh, and y = yh.) 
This completes our proof. 
3.3. THEOREM. Let S be torsional and compatible with K. Then the 
canonical map of n/f,(S) into E”(,!?) is an isometric algebra homomorphism. 
(Compare Theorem 2.3 .) 
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PROOF. We indeed have the map pu-fl of M,(S) into e”(S) with the 
properties (v *p)* = &I and /I /i 11 I 11 P 11 f or all v,~ EM,(S). By Theorem 2.2, 
M(S) has power multiplicative norm. So for every p EM,(S) a result of 
Springer ([2], Th. 6.24) says that there exists a multiplicative linear map 
$J : M(S)-+,!,, where L is some compIete field containing K, such that 
MPu)l = lb4 and II4 =I- 
Setting y(x): = $(.z) we have a bounded homomorphism y : S-+L. Now 
y(x)@(pu) = @(X*fl) for all x, so y is continuous. 
Since S is compatible with K, it follows that y(x) E K for all x E S, so that 
pd. 
For the sequel we need a rudimentary integration theory for vector-valued 
functions. Without going into tiresome details we only mention that for all 
v EM(S), ah Banach spaces E and all bounded continuous functions f : S+E 
in a reasonable way one can define an ‘%ntegral” j f(x)&(x) that is an element 
of E. If E and F are Banach spaces and if T : E+F is linear and continuous, 
then j Tdf(x))dv(x) = r(j f(x)dv(x)). 
Now take any v E M(S). Applying the above to E =M(S) and f(x) =R*p 
we obtain an element j R*@J(x) of M(S). For any clopen UC& 
But by the last formula of [2], Exercise 7.K, j @*,~)(U)dv(x) = (v *p)(U). Thus 
we have j x*,I&(x) = v*,u. It follows that @(I+$(,$ = @(v*p) = #(j X*,&V(X)) = 
= j t#@*p)dv(x) = j y(x)@(p)&(x) = O(y)#@), whence G(v) = v”(y). This is true for 
all v EM(S). In particular, #(p) =I@>. Hence, IIpII = 1 G(p) 1 = jfi(y) I I llfi /I, 
Thus, I/PI/I = /Ifill and we are done. 
The obvious next question is, what is {@ : p EM,(S))? An answer is 
obtained in Theorem 3.6. 
3.4. By EQo,($ we denote the set of all continuous functions on S that have 
the following property. 
Given any E > 0, we can find an equicontinuous set A c S such that 
IfI SE on s^\A. 
As a preliminary to our next theorem, we prove the following lemma which 
is also of independent interest. 
3 S LEMMA. We have the following relationships. 
(4 EQa 61 c C, (6 
(b) C,(S) c UC(S). 
PROOF. (a) Let fe.IZQol(S) be fixed and E >0 be given. We define an 
equivalence relation - on S by 
x-y if y(x) = Y(V) for all y with /f(r) 1 2~. 
The equivalence classes are clopen and hence the quotient semigroup R : = S/- 
is discrete. Let 71 : S-+R be the quotient map and i2 : I?--+S the dual map of 71. 
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Since R^ is compact and is is continuous, we have that iz(@ is a compact subset 
of S. By our definition of - we have IfI <e outside the compact set i2(@ and 
so fE C,(9). 
(b) It is clearly sufficient to show that the characteristic functions of the 
compact open subsets of S are in UC(S). Let VCS^ be compact and open. For 
each PE V we can find a compact subset Kj of S such that O(p) C V, where 
O(p):={yEg: /l=y on KS}. 
Since O(p) is a neighbourhood of /3 and V is compact, we can find &, . .., bn 
in V such that V= O(p,) U . . . U 0(/&J. Setting T: = KpI U . . . UK$ we see that V 
is a union of elements of the clopen partition q= (see the definition following 
Theorem 2.2) and we are done. 
3.6. THEOREM. Let S be torsional. Let s^ separate points. Then 
(a) The Fourier-Stieltjes transform is an isornorphism of Banach algebras 
M,(S) J EQ,(IQ. 
(b) If every compact subset of s^ is eguicontinuous, then the Fourier- 
Stieltjes transform is an isomorphism of Banach algebras 
M,(S) 3 C,(S). 
PROOF. (a) Let p EM,(S) and E> 0 be given. We first show that the set 
A:={y& (@(y)l } IC is equicontinuous. Now, for all X, y E S we have 
Il~*P-.F*PIl~ SUP I(~*~-~*lT~(Y)I 
YEA 
rs.sup IY(X)-Y(Y) 
YEA 
I. 
Hence, A is equicontinuous and so fi EEQ,,(S). 
By Theorem 2.3 and Lemma 3,5 it follows that P-F is an isometric algebra 
homomorphism of M,(S) into EQoo(S). To show that this map is onto, fix 
f EEQ,(S) and choose v E M(S) such that 0 =f; which is possible by Theorem 
2.3. We now prove that VEM,(S). To this end, fix XES and E>O. We have 
that the set B: = {y ES : I q(y) / re} is equicontinuous. Therefore, the set 
W: = {y E S : I y(x) - y(y) I < 11 v I/- ‘c for all y E B) is an open neighbourhood of 
X. Now for all y E S we have (applying Theorem 2.3) 
/x*v--J*v(l= I/( R*v -y*v)” (I = su; 1 (x*v -q*v)“(y) 1 
=~~lYo-Yti)l~ 1Wl 
Let, in particular, y E W. If y E B, then ( y(x) - y(y) I = I v”(y) ) I /I v II - l.s. (I v 11 = E; 
if YES\& then )y(x)-y(y)/ + jO( 51 *E-E. We obtain that lj~*v-~*vIj IE 
for allyeW. 
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Thus v EM,(S) and item (a) is proved. 
(b) This now follows trivially from item (a) and Lemma 3.5(a) on noting 
that C,($CEQ,($. 
3.7, We would like to mention some cases where the compact subsets of s^ are 
equicontinuous, as in Theorem 3.6(b). 
(i) Suppose S (is torsional and) has the following property. 
If 0 is a subset of S such that for every compact subset T of S, 013 T 
is clopen in the relative topology of T, then 0 is clopen. 
(E.g., S is locally compact or metrizable.) Then every compact subset B of L? 
is equicontinuous. 
It is sufficient to show that O(a): = {x E S : y(x) = y(a) for all y E B} is clopen 
for any aE S, where B is a fixed compact subset of s”. Let T be a compact 
subsemigroup of S, 1 E T. Then the restriction map s^--+ F is continuous, F is 
discrete and B1 : = { y j T : y EB} is a finite subset of 5? Now 
O(a)nT= n { XET: y(x)=y(a)}= n {xE:T: y(x)=y(a)) 
YEB JJEB, 
so O(a)n T is dopen in T. By the given property of S, we are done. 
(ii) Suppose that S is torsional and that for ail y E s^ and a ES there is a 
neighbourhood U of a and an XE S such that Ux is relatively compact and 
y(x) # 0. Then every compact subset of s^ is equicontinuous. (See 4.8 for an 
example.) 
Let BC s^ be compact. Take a ES and let O(a) be as above. We prove O(a) 
to be a neighbourhood of a. 
For every y EB, choose a neighbourhood UY of a and an element xv of S 
such that UYxY is relatively compact and y(x,) #O. By compactness, we can 
find yl, . . . . yn E B such that BC lJy=, {p E s” : /3(+,i> #O}. Writing xi instead of 
xYi and putting U: = UY, fl . . . fl Uy, we have 
U is a neighbourhood of a 
UX 1, . . . , Ux, are relatively compact 
for every p EB there is an i with &q) # 0 
S being torsional, the set ( 1, a, xl, . . . , x,) U Uxl U . . . U Ux, is contained in a 
compact subsemigroup T of S. The restriction map s^-+ F is continuous, p is 
discrete and B is compact, so the set (v 1 T : y E B} is finite and there exist 
P I, . . ..P.EB such that 
for every /DEB there is a j with pji r=p/ T. 
Put W: = {x E U : fij(x) =pj(a) for j = 1, . . . , m}. This W is a neighbourhood of 
a. We are done if WcO(a). 
Let x E W, p E B. We wish to prove p(x) = /?(a). Choose j such that fij / T= p 1 T 
and i such that p(xi) #O. We have X~E T, so /3j(xJ =&xi). Furthermore, 
XXi E WXiC UX~ C T, SO pj(XXi) =p(XXj). It fOUOWS that p(X)p(Xi) =p(XXi) = 
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=PjW =PjWjk> =b”WW, w ence fl(.~)=/3~(x). By the same token, h 
p(a) =/$(a). As fl’(x> =&(a) we can infer that p(x) =p(a). 
4. EXAMPLES AND REMARKS 
In 4.1 we briefly drop the conventions adopted at the end of the Intro- 
duction, in order to make a remark about noncommutative topological 
semigroups. 
4.1. Let S be a zerodimensional topological semigroup, possibly noncommu- 
tative. Then we have the following sharper conclusion to Theorem 3.1: namely 
that M:(S) is a closed two-sided ideal in M(S). Here M:(S) is the set of all 
elements p of M(S) for which the map X~Z*,D is continuous. 
To prove this, we first remark that M:(S) is evidently a closed linear 
subspace of M(S). Next we fix p EM;(S), u EM(S). Precisely as on page 14 we 
obtain v*,u = j (x*,u)dv(x), For all XE S, the maps y-J$z*,u) =@*,u are clearly 
continuous, and so E*,U E M:(S). Consequently, v *,u = j @*&&v(x) E M:(S). 
Also, the map x-R*(,u*v) is continuous, since 
II~*(fl**v)-4-,*b**v)lI 5 Il~*P-8*#4+ Ibll cw=~h 
It follows that M:(S) is a two-sided ideal. 
From here on, as in Sections l-3, S is a commutative zerodimensional 
Hausdorff topological semigroup with an identity element, 1. 
4.2. Even forfinite S, ifs is not a union of groups, M(S) may not have power 
multiplicative norm (cf. Theorem 2.2). Example: let (41, a) be a three-element 
semigroup in which 1 is an identity element, 0 is a zero and a2=0. Then 
(ii-O)*(&O)=O. 
4.3. In Theorem 3.6(b) the condition that every compact subset of S be egui- 
continuous is not redundant. An example is provided by 9.E of [2]. There a 
torsional group G is constructed that is not locally compact but such that G is 
compact. Then M,(G) = {O> ( see Th. 8.9 of [2]) but C,(G)= C(G)#{O). 
4.4. We have two topological semigroups, S and T, such that S and T are 
identical as topological semigroups, whereas UC(S) is not the same as UC(T). 
Let A be the abstract semigroup (0) U (2-* : n E IN> with multiplication 
defined by xy = max (x, y) (x, y E A). A is a union of groups. Let 
A, = (0) U (2-” : n is even}. 
We introduce two topologies, o and z, on A : o is the restriction to A of the 
usual topology of ll?, t: = (X : XCA; XnA, E crIA,). Thus we obtain two 
torsional semigroups, S and T, compatible with K. S is compact, T is locah’y 
compact but not compact; the identity map j : T+S is continuous and a 
semigroup isomorphism. 
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(a) For k E N let yk be the K-valued characteristic function of {x E A : 
x52-k). Th e nonzero homomorphisms A -+ TKU (0) are yl, y2, . +. * They are 
both o- and r-continuous. Hence, S and T have the same semicharacters, s^ 
separates the points of S, p separates the points of T. 
(b) As S is compact, s^ is discrete. But so is F. Indeed, suppose that, in F, 
we have limi yni = yn. For large i, ~,~(2-“) = ~~(2-9 = 1, so ~,~(a-~) = 1 = 
= ~~(2~~) for all krn. For large i we also obtain ~~~$2~~) = ~~(2-9 for 
k=l , . . . , n - 1. Hence, if i is large enough, then ylli= yn. 
(c) Thus, s^ and F are equal as topological semigroups. But UC(g) is 
different from UC(F). Indeed, by the compactness of S we have 
UC($) =P(@. (The uniform partition es consists of the singleton sets.) In 
particular, the function yn -n (n E MI> is an element of UC($). Suppose it is 
also an element of UC(F). By Theorem 2.3 there exists a p EM(T) such that 
@(Q-n for all n. Then p((2-‘})=~ (Yn-Yn+l)d~=P(Yn)-,ii(Yn+l)= -1 
(n E N). It follows that, in the terminology of [2], JP” 1 everywhere on 
T\ (0). This contradicts Theorem 7.6(i) of [2], according to which the set 
{x E T : J/$X) L 13 has to be compact. 
4.5. Example of a torsional semigroup S that is compatible with K but for 
which s^= {l}. 
Let S: = [O, 11. We make S into a semigroup by defining xy: = min (x, y) 
(x,y ES). The sets (a, b)n Q fl S and (a, b) fl (IR \ Q) nS, where u and b run 
through R, form a base for a zerodimensional topology on S, rendering S a 
torsional semigroup that is compatible with K. 
Now let y be a semicharacter of S. Every element of S has a neighbourhood 
on which y is constant. However, if x,y E S, xly and y(y) =0, then 
y(x) = y(xy) = y(x)y(y) = 0. It follows that for every s E S there exists a 6> 0 such 
that y is constant on the entire interval (s - 6,s + s)n S. Consequently, y is 
constant on all of S. 
4.6. The example of 4.5 is not locally compact. 
We do not know if gseparates the points of S as soon as S is locally compact, 
torsional and compatible with K. It does, of course, if S is a group. It also does 
in the following situation, where S is as far from being a group as seems to be 
possible. 
Let S be a locally compact zerodimensional topological space; let a total 
ordering I be given on S such that S is a topological semigroup under the 
operation xy: = min (x,y) (x,y E S). We claim that then S separates the points 
of S. For aES, put [a, -):={xES : xra], (a, -):={xES : x>a}, 
(-,a]:={x~S : xsa}, (-,a):=(x~S : ~<a). 
If YES, then [a, -)=(xES : xa=aj and (-,a]=(x~S : xa=x), so [a, -) 
and ( - , a] are closed, ( - , a) and (a, - ) are open. 
Take a, b E S, a < b. Then (a, - ) is an open set containing b. As S is locally 
compact and zerodimensional, (a, - ) contains a compact open neighbourhood 
T of b. By compactness, the sets TU ( -,x1 (x E T) have nonempty intersection. 
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It follows that Thas a smallest element, t, say. Now [t, -) = TU(t, -), so [t, -) 
is a clopen set. Its K-valued characteristic function is a semicharacter y of S, 
and y(b) = 1, y(a) = 0. 
4.7. Example of a torsional locally compact semigroup S, compatible with K 
and such that s^ is not iocaily compact. 
Let S:=tb.llJ{r~-2-~ : n, m E ~PJ}. Under the usual topology and with the 
multiplication defined by xy: =max (x, y) (x, YES), S is a zerodimensional, 
locally compact semigroup, torsional and compatible with K. The semi- 
characters of S separate the points of S. We prove that S is not locally compact. 
Suppose s^ is locally compact. Then the constant character 1 has a compact 
neighbourhood, so there exists a compact set TC S such that B: = {y E S : y = 1 
on T) is relatively compact and therefore equicontinuous (3.7(i)). Choose an 
element n of N with TC [O, n - 11. As B is equicontinuous, there exists an m E N 
such that every element of B is constant on (x~ S : 1 x-n / ~2~~). In 
particular, ~(n - 2-m) = v(n) for all y E B. But there exists a y E S with y(n) = 0, 
y(n -2-m) = 1. As TC [0, II - 2-m] we have y E B. Contradiction. 
4.8. The conditions of 3.7(i) and 3.7(ii) are independent. 
Any metrizable torsional group that is not locally compact will satisfy (i) and 
not (ii). For an example of an S for which (ii) is satisfied but (i) is not, consider 
an uncountable set E, let S’ be the set of all finite subsets of E and 
S: = SfU {E). Topologized as a subset of (0,l jE and under the operation n , 
S is a torsional semigroup, compatible with K. As Sf is dense in S, for any 
y E S there is an XE Sf with y(x) = 1; then Sx is finite, hence compact. This 
proves (ii). To show that (i) is false, observe that the set (E) is closed but not 
open in S. Take any compact subset C of S: we are done if we can prove that 
{E} tl C is open in C. Suppose it is not. Then E lies in the closure of C \ {E), 
i.e., for every finite set yCE there is an XE C \ (E) with x>y. It follows that 
C \ (E} contains a strictly increasing sequence x1 CX~C . . . . In (0, 1) E, this 
sequence converges to an element of (0, ljE that does not belong to S. This 
contradicts the compactness of C. 
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